In the present paper, by using new identity for fractional integrals some new estimates on generalizations of Hermite-Hadamard type inequalities for the class of generalized (s, m, ϕ)-preinvex functions via Riemann-Liouville fractional integral are established. These results not only extend the results appeared in the literature (see [2] ), but also provide new estimates on these types. At the end, some applications to special means are given.
Introduction
The following notations are used throughout this paper. We use I to denote an interval on the real line R = (−∞, +∞) and I • to denote the interior of I. For any subset K ⊆ R n , K • is used to denote the interior of K. R n is used to denote a generic n-dimensional vector space. The nonnegative real numbers are denoted by R • = [0, +∞). The set of integrable functions on the interval [a, b] is denoted by L 1 [a, b] .
The following inequality, named Hermite-Hadamard inequality, is one of the most famous inequalities in the literature for convex functions.
Theorem 1. Let f : I ⊆ R −→ R be a convex function on an interval I of real numbers and a, b ∈ I with a < b. Then the following inequality holds:
The following definition will be used in the sequel. In recent years, various generalizations, extensions and variants of such inequalities have been obtained (see [20] - [22] ). For other recent results concerning Hermite-Hadamard type inequalities through various classes of convex functions, (see [18] ) and the references cited therein, also (see [9] - [17] ) and the references cited therein.
where
In the case of α = 1, the fractional integral reduces to the classical integral.
Due to the wide application of fractional integrals, some authors extended to study fractional Hermite-Hadamard type inequalities for functions of different classes (see [18] - [25] ) and the references cited therein.
Definition 3. (see [4]) A nonnegative function f
Definition 4. (see [5] ) A function f : R • −→ R is said to be s-convex in the second sense, if
It is clear that a 1-convex function must be convex on R • as usual. The s-convex functions in the second sense have been investigated in (see [5] ).
Definition 5.
(see [6] ) A set K ⊆ R n is said to be invex with respect to the mapping η :
Notice that every convex set is invex with respect to the mapping η(y, x) = y − x, but the converse is not necessarily true. For more details please (see [6] , [7] ) and the references therein.
Definition 6. (see [8] ) The function f defined on the invex set K ⊆ R n is said to be preinvex with respect η, if for every x, y ∈ K and t ∈ [0, 1], we have that
The concept of preinvexity is more general than convexity since every convex function is preinvex with respect to the mapping η(y, x) = y − x, but the converse is not true.
Motivated by these results, the aim of this paper is to establish some generalizations of Hermite-Hadamard type inequalities using new identity given in Section 2 for generalized (s, m, ϕ)-preinvex functions via Riemann-Liouville fractional integral. In Section 3, some applications to special means are given. In Section 4, some conclusions and future research are given. These results not only extend the results appeared in the literature (see [2] ), but also provide new estimates on these types.
Main results
Definition 7. (see [3] ) A set K ⊆ R n is said to be m-invex with respect to the mapping η :
Remark. In Definition 7, under certain conditions, the mapping η(y, x, m) could reduce to η(y, x). For example when m = 1, then the m-invex set degenerates an invex set on K.
is valid for all x, y ∈ I, t ∈ [0, 1], then we say that f (x) is a generalized (s, m, ϕ)-preinvex function with respect to η.
Throughout this paper we denote the generalized cumulative to the left α-gap with respect to η by
Remark. If we choose m = 1, ϕ(x) = x = b and η(b, a, 1) = b − a, then we get the notion of cumulative to the left α-gap given in (see [2] ).
In order to prove our main results regarding some Hermite-Hadamard type inequalities for generalized (s, m, ϕ)-preinvex function via fractional integrals, we need the following new Lemma:
Then for α > 0, the following identity holds:
Proof. A simple proof of the equality (4) can be done by performing an integration by parts in the integrals from the right side and changing the variables. The details are left to the interested reader.
Remark. If we choose m = 1, ϕ(x) = x = b and η(b, a, 1) = b − a, then we get (see [2] , Lemma 1).
Now we turn our attention to establish new integral inequalities of Hermite-Hadamard type for generalized (s, m, ϕ)-preinvex functions via fractional integrals. Using Lemma 1, the following results can be obtained for the corresponding version for power of the absolute value of the first derivative. 
Proof. Suppose that q > 1. Using Lemma 1, the fact that | f ′ | q is a generalized (s, m, ϕ)-preinvex function, property of the modulus and Hölder's inequality, we have
The proof of Theorem 2 is completed. [2] , Theorem 2). 
Corollary 1. Under the conditions of Theorem 2, if we choose m
Proof. Suppose that q ≥ 1. Using Lemma 1, the fact that | f ′ | q is a generalized (s, m, ϕ)-preinvex function, property of the modulus and the well-known power mean inequality, we have
The proof of Theorem 3 is completed. [2] , Theorem 3).
Corollary 2. Under the conditions of Theorem 3, if we choose m
Remark. It is worthwhile to note that for different choices of values x and functions ϕ, we can get some interesting Hermite-Hadamard type fractional integral inequalities by our theorems mentioned in this paper.
Remark. By considering the generalized cumulative to the right α-gap with respect to η defined as 
Applications to special means
In the following we give certain generalizations of some notions for a positive valued function of a positive variable. We consider some means for arbitrary positive real numbers α, β (α = β ).
1.The arithmetic mean:
A := A(α, β ) = α + β , r ≥ 1.
5.The identric mean:
I := I(α, β ) = 1 e β β α α , α = β ; α, α = β .
6.The logarithmic mean:
L := L(α, β ) = β − α ln(β ) − ln(α) .
7.The generalized log-mean:
